This article examines the foundation of the recently developed relativistic variational formalism [1]. Our work is heavily based on [2, 27] which extends this approach to the multi-fluid theory and examines its utility in astrophysics and cosmology. Unlike the extension to the formalism mentioned above, that looks at the general interaction between different types of matter, we use the formalism to examine the interaction involving, ordinary matter, dark matter (DM ) and dark energy (DE). We focus on an entrainment phenomena involving the dark-sector constituents.
INTRODUCTION
The theory of relativistic fluids has received considerable attention for many years following the seminal work of Landau and Lif tshitz [3] . Interest in relativistic fluids is largely driven by its utility in astrophysics and cosmology and the need to resolve some of the outstanding questions in these areas of study. The mathematical modelling process that is carried out in these studies, and which take into account physically plausible scenarios, presents several challenges. These fall into two broad categories; conceptual and theoretical. An awareness of the differences between these two categories is important as it provides a guide to a modeller when making decisions on assumptions that go into the modelling process, and when analysing the model. It is therefore, worth reviewing the differences between the two categories.
The conceptual related issues have to do with the difficulty in identifying specific and measurable variables that give rise to a framework for characterising relativistic fluids. Issues classified under theoretical category have to do with the foundational theories, which in this study are theories of fluids, general relativity (GR), and thermodynamics as applied to environments where there are more than one species of fluids. Connected to this is what might be termed as the unifying framework of how the species are treated; either single-fluid or multi-fluid. For example, the nature of interactions between the different species may affect how the mixture flows, effects that may only be captured in the multi-fluid treatment and not in the single-fluid theory. Examples of these are dissipation and entrainment. Dissipative effects are known to be common and are found in flows involving heat flow in the presence of thermal resistance, in fluid flows with viscosity, diffusion, chemical reactions, and electric current flow in resistive media. These examples and others manifest in the lab environment, in astrophysics and predictably in cosmology. Dissipation has successfully been incorporated and examined in the modelling of N ewtonian or non-relativistic fluids. But the same cannot be said of relativistic fluids (as pointed out by [2, 4, 5] for example).
The obvious question is, what motivates the need to incorporate dissipation in relativistic fluids and how would one go about doing this? The authors of [6] are prompted by the need to develop a formalism that could be used to study gravitational radiations emanating from compact objects; neutron stars in particular. Radiative processes in some of these astrophysical objects are known to be influenced by dissipation. Dissipation is often largely neglected in cosmology [7] [8] [9] , but there are processes that occur during structure formation, and during reheating epochs in the early universe that suggest that dissipation may play a role and hence should ideally be taken into account. The same can be said of heat flow in general [10] [11] [12] and DM dynamics [13, 14] . In order to account for these, one needs to develop a formalism that incorporates them. Entrainment is understood to be the quantification of the ease with which neighbouring fluids species are able to move relative to each other. Unlike dissipation, entrainment is much less known or studied particularly for the subclass of relativistic fluids.
We are motivated by the need to examine multi-fluid and entrainment effects involving the DM and DE. As pointed out in [15] , the most interesting development in classical relativistic fluids dynamics is the consideration of multi-fluid systems that is composed of elements whose collective dynamics involve a superfluid, heat flow or the treatment of electromagnetic charge as a dynamical variable [2, 16, 17] . These developments are allowing such systems to be used to study a wider range of relevant phenomena. These developments have, however, been patchy and a general theory remains incomplete in at least two different respects. On one hand, they require the inclusion of dissipation and on the other, the coupling of dissipation to electromagnetism. These developments hold the key to the greater applicability of the fluid theory in both astrophysics and cosmology and need examination. Single-fluid approximation has successfully played a crucial role in our cosmological modelling of the universe. It is our contention that multi-fluid approximation is the more appropriate for cosmological modelling. The single-fluid approximation is ideally the limit of multi-fluid approximation. In this regard, the success of the single-fluid approximation in cosmological modelling is tied to the fact that different species making up the cosmological fluid may start off evolving differently but eventually, all species become locked-in thereby rendering one species dominant at a given epoch. This defines the fundamental observer world-line. The mechanism that allows this to happen is yet to be developed. The above statements, simple as they are, demand a reexamination of relativistic multi-fluid theory in particular and its application to cosmology in general. We will assume a generic model of DE that interacts with DM for illustrative purposes in our study. The existence of interactions between DM and DE has been a subject of much inquiry for the reason that they can fit well the observational data and could potentially provide new physics. For example, they might help resolve the coincidence problem. i.e. provide a possible explanation as to why the present values of the densities of DE and DM are of the same order of magnitude, something that would require very special initial conditions in the early universe. Unlike the well behaved non-interacting models with constant w (given a barotropic equation state, where w is the proportionality parameter), an interacting model can manifest instabilities in the perturbations of the dark-sector at early times giving rise to new phenomena. Interacting dark-sector models have, for example, been studied in [18] [19] [20] [21] [22] [23] [24] [25] This article is arranged as follows; section(2) discusses multi-fluid and the convective variational formalism. Section (3) discusses DE and DM , while section (4) discusses the Lagrangian formulation involving interacting dark-sector and coresponding equations of motion. Section (5) gives the discussion for the results, conclusion and future work.
FLUID THEORY AND RELATIVISTIC CON-VECTIVE VARIATIONAL FORMALISM
Our presentation in this section borrows heavily from and builds on, [6, 15, [26] [27] [28] . It is our intention to examine the dynamics in a multi-fluid environment involving fluid species that will be relevant to cosmology. In this regard, it is important first to clearly distinguish between single-fluid and multi-fluid theories.
The term multi-fluid is generally understood to refer to a mixture of fluids that is made up of many-species where each species is treated as a separate and unique fluid entity but at the same time allowed to contribute to the dynamics of the mixture. The separate treatment of species in the multi-fluid theory may, for example, allow the different species to have different temperatures thereby allowing for heat flow. In order to capture the ensuring artefacts manifested in the treatment, the system of equations in the multi-fluid approach could include equations of energy for the individual species in comparison to a single energy equation for the mixture used in the single-fluid approach. Mean velocities of individual species are specified by their respective momentum equations [29] in multi-fluid approach. The system of fluid equations include both momentum equations for the whole mixture and the transport equations for the individual species. In this approach, it is imperative that the momentum equations include the convective terms, which are normally absent in the transport equations. The multi-fluid approach, therefore, suggests the existence of several fundamental observers, each with its own 4-velocity. Multiple velocities suggest an anisotropic model, for example, a Bianchi type I model [30, 31] . Current observations indicate that our universe is isotropic and homogenous on large scales. The question whether it started out this way or transitioned into this state is still being investigated. It is, therefore, useful to require that any anisotropic model, such as those resulting from a multi-fluid approximation, must become isotropic if they are to be taken as an alternative to the standard model. It has been shown [27, 32] that indeed isotropization occurs in a two fluid-model, suggesting a possible extension to a general multi-fluid model. We will require isotropization as a condition for the multi-fluid setup in this article. In fact, the authors of [27] have found that there exists a Bianchi type I epoch where the matter flux dominates which eventually evolves to F riedmann − Lemaitre − Robertson − W alker F LRW model; effectively a single-fluid model. We will demonstrate, in an accompanying article [33] , that the second law of thermodynamics is satisfied in a three-fluid system that allows chemical reactions to isotropize in late time.
Single-Fluid Approximation and Thermodynamics
The author of [34] has considered a novel way of deriving the classical Einstein equations from thermodynamical considerations. In particular, he uses the heat relation δQ = T dS, the proportionality of entropy and the horizon area to arrive at Einstein equations and points out the analogy between this equation and the equation of state (EoS), subject to local equilibrium conditions as defined by the relationships between thermodynamic variables. It is important to mention that there exists a length scale in this approximation for which the conditions are assumed to hold with no threat of the emergence of transient thermodynamics [35] . The causal horizon is connected to the entropy and holds information [36] that could potentially be decoded but the tools for doing this are yet to be developed. We will not recount the full procedure for deriving the Einstein equations from thermodynamics in this article but will reserve the complementary development for multi-fluid for an upcoming article [33] . Nevertheless, one can easily show the connection between entropy and the EoS. As an example, let us assume that the entropy function is known and that it is given in terms of total internal energy E, volume V , number density N , temperature T , pressure p and chemical potential µ. It follows from the first law of thermodynamics that δQ = dE + pdV − µdN from which one can conclude that ∂S/∂E ≡ T −1 , T ∂S/∂N ≡ µ, T ∂S/∂E ≡ p. The last relationship is just the EoS. In [34] heat is defined as energy flux across a casual horizon that can be felt via the gravitational field it generates, while T is the U nruh temperature i.e. as measured by a uniformly accelerated observer. It is known that acceleration diverges as the observer world-line approaches the horizon, nevertheless, there exists a limit where the ratio of U nruh temperature and energy flux both remain finite. It is in this limit that thermodynamics is examined in [34] . We see or can show that their analysis is done for a single observer world-line which is akin to studying a single-fluid formulation. As previously mentioned, it is of interest to us to show how one would construct a complementary argument for multiple observer word-lines. An attempt at examining thermodynamics in multi-fluid theory is provided in [33, 37] where it is shown that entropy always increases (i.e.Ṡ ≥ 0). Any success in this will provide a far greater understanding of thermodynamics and gravity in a multi-fluid environment.
Relativistic convective variational formalism [1] and its variant; flux-conservative formalism [2, 28] suggests how we might proceed. We first look at energy considerations for a single-fluid setup subject to the first and second laws of thermodynamics. Let us first examine this in the N ewtonian fluid. The extension to relativistic fluids will be straight forward.
where again E is the total internal energy, N is the number of particles, V is the volume, S is the entropy, µ is the chemical potential, p is the pressure and T is the temperature. As in [28] , we will assume that the doubling of E is a direct result of the doubling of N , S and V , (i.e. extensive parameters) whereas T , P and µ are unchanged (i.e. intensive parameters). It is easy to show that this leads to Euler relation E = T S − pV + µN . Given the Gibbs-Duhem requirement or equation, it follows that
implying that
which can be written in terms of Λ = −E/V , n n = N/V , n S = S/V , µ = µ n and T = µ s and which gives the relation
where Λ is the total energy density and will be central to the Lagrangian formulation that we will use. Furthermore, it can be demonstrated that in co-moving parameters, this master function takes the form
where Λ = Λ(n 2 n , n 2 S ). In essence this depicts singlefluid approximation although the master function has two components which are related to the same fluid species. It is vital to point out the context of multi-fluids vs single-fluids that is based on fluid species and not components of the same species. For example, two separate species X, and Y would have
) and
) respectively. It is also straight forward to show from equation (5) that
where α = n, S. This suggests that
As in [28] , one can derive the chemical potential covectors which are conjugate to the number and entropy fluxes,
where again α = n, S. Using equation (8) , it is possible to rewrite equation (4) in terms of co-moving coordinates only. This yields
Here too α = n, S. It is clear that f (n 2 α ) represents pressure which is a function of energy densities and hence gives the effective EoS that is barotropic [38] . The case for multi-fluid is not as straight forward.
Multi-Fluid Approximation and Thermodynamics
In this case, we take the same starting point as in the previous section but now consider two-fluid species rather than one. In particular, we have species X, and Y which are mixed. It should be clear that we no longer have the individual Λ X = Λ(n
) respectively, but rather Λ that now encodes contributions from both species. Following [1, 2], we begin with the assumption that there exists a two-fluid environment where the different species move with individual velocities. Let n (X) and n (Y ) denote the two densities and u . The co-moving density is then obtained as follows
where u µ X and u ν X are the individual four velocities for the types of fluids and g µν is the space-time metric such that g µν u
Taken in totality, the formulation suggests that the energy density Λ can be expressed as a function of energy density scalars such that Λ = Λ(n
) if a chemical interaction occurs leading to the momentum conjugate taking the form
where
The last terms in equations (11) encapsulates the entrainment effect, a topic that we will return to shortly. It is important to note that this raises fundamental issues about how one might define local thermodynamics equilibrium. It suffices to say that local thermodynamic energy is recovered in the limit where all fluxes are parallel. The terms n
are meaningful when dissipative fluids are considered, as we will do here but we first dispense with the idea of a lambda that has more than two species. Mathematically, it is easy to see that the master function could have the product n
as one of its entries. This is because one could potentially construct other scalar quantities by taking products of lower powered scalars i.e., (g µν n
Intuitively, this suggests the product of entrainment involving four species of fluids. The physical significance of such products are somewhat unclear, particularly when viewed against the notion of local thermodynamics equilibrium. We will address this in [33] . It is nevertheless important to list some of the couplings that may complicate the modeling process: These are (i) MatterMatter (fluxes, flow-lines and entrainment), (ii) matter -spacetime ( fluxes and metric -stress-energy tensor), (iv) Matter -Electromagnetism (fluxes and current) and (v) Electromagnetism -Spacetime ( potential and curvature). The last two couplings are synonymous in GR as spacetime curvature is at the behest of matter distribution. The first coupling is straightforward and has been mentioned above. The state of matter involved in the couplings mentioned above may, in principle, be determined thermodynamically [39] , where only a few parameters are monitored as the fluid changes and other associated or depended parameters are recovered via the EoS. This means that where the EoS is known, one needs only monitor truly independent variables. But this raises the question of whether it is possible to determine or constrain the EoS if the relationships between primary variables are all known. The question is not trivial given that we would like to apply the formalism to multifluid environment that includes DM whose EoS is not yet established.
DARK MATTER AND DARK ENERGY
It is correct to say that the predictions of the existence of DM and DE come from observations. In particular, the fitting of a theoretical model to the composition of the universe given a combination of different cosmological observations leads to the predictions that the universe is made up of 68% DE, 27% DM , and 5% normal matter. But fitting models, apart from being predictive, does not give the physics of constituent particles. It is particularly insidious, to our pristine picture of the evolution of the universe, that the two species that we know very little about are the very species that have profound effects on the evolution of the universe resulting in structure formation in the early universe and an accelerated expansion in the late universe. Is single-fluid approximation partly to blame and could multi-fluid approximation shed any light in this? These questions touch on the very foundation of the Copernican principle [40] and the more stringent cosmological principle [41, 42] . Although we are not investigating the cosmological principle in this study, the formalism suggests the need for the relaxation of the principle in some cosmological epoch.
Let us consider DM . Although we do not know what it is made of, we can rule out a number of candidates. These include stars, planets, baryons, anti-matter, and large galaxy-sized black holes. There are, however, a few viable DM candidates. It is thought that baryonic matter tied up in brown dwarfs or heavy elements could still make up the DM . These possibilities are known as massive compact halo objects, or MACHOs. But the most common view is that DM is not baryonic at all, but that it is made up of other, more exotic particles like axions or weakly interacting massive particles(WIMPS). This means that any analysis involving DM will have to make some assumptions about its nature. What we can ask at this stage is if any one of these candidates allows for entrainment. Putting it differently, can we use entrainment to distinguish characteristics between these candidates?
4.
ENERGY FUNCTIONAL: THE
LA-GRANGIAN
We now develop the arguments in this section in terms of fluid action. Unlike in [2] where particles (n) and entropy (s) were treated as the two fluids in multi-fluid formalism, we have two separate but interacting fluids; DM and DE each having both particle and entropy components. This makes our multi-fluid to have at least 4 fluxes, which in the language of [2] is just a two-fluid system with four components. As in [2] , one can find the variation of the master functional Λ in terms of constrained Lagrangian displacement where it is varied with respect to the fluxes and the metric g µν . It follows that one can construct the relevant Lagrangian; Λ = Λ(n
). The Lagrangian variation ∆ ≡ δ + L ξ , see appendix (B), of the action involving this master function in terms of Lagrangian displacement ξ ν leads to,
where X = n (DM ) , s (DM ) , n (DE) , s (DE) ; are number and entropy densities for DM and DE respectively.f
ν is the force density guaranteeing the conservation requirement ∇ µ T µ ν = 0. This force encodes all external forces and dissipation. The last term in equation (13) is a fluid boundary term whose form guarantees the vanishing of ξ µ X leading to a well-posed action. µ X ν takes the form in equation (11) . The last two terms in equation (13) are critical to our understanding of how DM and DE interact. In the case of entrainment, the momentum of one species carries with it mass current of the other species. Entrainment is an observable effect in lab experiments. We see no reason, technology permitting, why this should not be the case in cosmological experiments. In particular, we ask if entrainment can leave an imprint on the Cosmic Microwave Background and if such is detectable? We will pursue this elsewhere [43] . As in [2] , µ µ X is the canonical conjugate momentum related to the flux n µ X , from which it is possible to derive a related vorticity parameter;
It is straight forward to include other couplings in the action. For example we could include the variation of M axwell action
In particular, varying M axwell action with respect to the vector potential A ν and the metric g νλ and Coulomb action with respect to the flux n µ X , the vector potential A ν and the metric g νλ yields
The unconstrained variation of action for this minimally coupled fluid mixture is then given by the sum
subject to equation (15) . It was pointed out in [15] that the minimal coupling considered above leads to a modified conjugate momentum of the form;μ X µ = µ X µ + e X A µ which can be seen when coefficients of δn µ X are collated. Although one can obtain field equations from the variation of these actions, the establishment of the equations demand that the modified momentum vanishes. This vanishing in turn implies that matter or energy must necessarily be absent. This counter-intuitive finding is a manifestation of the unconstrained variation based on Euler type variation (the reader is referred to appendix (C) and section (A)). In effect, one would like the modified conjugate momentumμ α a to have the same status as the unmodified one µ X µ which is achieved via a Lagrangian variation (see appendix (B)). As discussed above, the energy functional Λ is a function of co-moving number densities and is, in turn, the carrier of microphysics from the EoS. Although we have considered a multi-fluid environment with at least one species of particles being charged, the coupling to electromagnetism is however not encoded in the energy functional [28] . The matter-spacetime coupling is obtained from varying Λ with respect to the metric g µν . This yields the matter stress-energy tensor T µν M . In particular, keeping the matter fluxes constant and varying the energy functional gives
where again X = n (DM ) , s (DM ) , n (DE) , s (DE) . Coupling to electromagnetism, is expressed in terms of
where A ν is the electromagnetic vector potential and F µν is the F araday anti-symmetric tensor. The coupling is via the matter flow and the charge current j a (the current is conserved in this case: ∇ µ j µ = 0). In this multi-fluid system environment, the current is the sum of the individual currents and is given by j µ = Σ X e X n µ (X) . One easily recovers M axwell s equations if they vary the electromagnetic term of the Lagrangian while keeping the current fixed. In particular, it is straightforward to show that ∇ µ F µν = µ 0 j ν where µ is the coupling constant. A variation with respect to the metric yields the electromagnetic part of the stress-energy momentum tensor.
is the Lorentz force. This means that a coupling involving one charged species alters equation (14) to
where R X µ is the resistivity parameter and encodes dissipation. Since
It is clear that entrainment given by A XY contributes to µ X µ which in turn is linked to the magnetic potential and resistivity parameter in equation (19) . The entrainment effects are embedded in these couplings and hidden in the resulting equations of motions. This suggests, for example, that the dark-sector may indirectly affect the evolution of magnetic fields or analogues thereof [44] [45] [46] [47] . We will investigate the full impact of this implication elsewhere [43] . The total energy stress-tensor is therefore, given by
and it can be shown that ∇ µ T µν = 0.
CONCLUSION
We have examined (i) single-fluid and multi-fluid approximations of relativistic fluids from the flux point of view, (ii) the convective variational approach, (iii) formulation of convective variational approach for DM interacting with DE, and (iv) entrainment effect in this interaction. We find that the various couplings and particularly entrainment allows for the dark-sector candidates to affect the dynamics of the constituent fluids. Such interactions may be interesting for the solution of the coincidence problem for example. The formalism we have examined here may also be useful in distinguishing cosmological features of these couplings, something that can be probed by current cosmological observations. This would enable us to place constraints on the nature of the interaction considered. It would be interesting to extend this formalism to a general formalism to study the growth of DM perturbations in the presence of interactions between DM and DE. This could then allow for the examination of the signature of such interactions on the temperature anisotropies of the large-scale cosmic microwave background (CMB). It has been found [22] that the effect of such interactions has a significant signature on both the growth of DM structure and the late integrated Sachs W olf e effect(ISW ) given a singlefluid approximation. How would this change, given the multi-fluid approximation examined here? This will be examined in [43] .
ACKNOWLEDGEMENTS
We acknowledge that TO is funded through the U CT postgraduate funding office (South Africa) and BO is funded by U RC and N GP (U CT ).
eration synonymous with electromagnetism. In particular, beginning with Euler relation, equation (3) can be written in the form
. One can show that dρ = −µ X ν dn ν X , where we have used the definition µ ν = µu ν with the condition u µ du µ = 0. Indeed, from
It can be shown that the variational framework suggests that the equations of motion can be written as a forcebalance equation,
where the generalised force density works out to be
and where α, and σ are spacetime indices. With the above information, the stress-energy tensor can be derived. From equations (A3) and (A4), it can be shown that,
since,
for this case. Equation (A5) then becomes,
where,
The metric g ασ has symmetry condition
regardless of whether they are physically permitted. With the conditions above, the most general infinitesimal variation of the master function Λ that can be envisaged will have the form in equation (A1), where n α X is a set of vectors representing diverse currents of entropy and whatever kinds of neutral or charged, not necessarily conserved particles, with the specification of the partial derivatives completed in view of equation (A9) 
With the above information, it can be shown that,
Since ξ ν and its covariant derivative at any point are arbitrary, the corresponding coefficients must vanish identically, the resulting N oether identities thus being the obvious relation, 
It can also be shown that,
and
The convection vector can be decomposed with respect to the 4-velocity u µ and a drift velocity v , from which one can show that ∆ X n X abc = 0. Alternative and comparative variational formalisms to the one above is developed in the next section. It suffices to say that we now have relativistic Lagrangian variational formalism that we need for our study.
